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A STATISTICAL TECHNIQUE FOR COMPUTER IDENTIFICATION OF
OUTLIERS IN MULTIVARIATE DATA

Ram Swaroop
Computing and Software, Inc.
Field Team at Flight Research Center

and

William R. Winter
Flight Research Center

INTRODUCTION

The NASA Flight Research Center is engaged in an extensive biomedical research
and development program. Objectives of this program include advancing the state of
the art in the medical monitoring of humans in flight (ref. 1); predicting and extending
the limit of man's operational capacity in the flight environment; and developing im-
proved protection, restraint, and life support systems. As a result of this program,
large quantities of biomedical information are collected in flight, necessitating de-
pendence on the Flight Research Center's capacity for collecting, reducing, and ana-
lyzing these data by automatic means.

Experience has shown that no matter how sophisticated the monitoring, collection,
and reduction systems, some editing of the biodata is required before they can be ana-
lyzed statistically. The reduced biodata may contain observations that deviate markedly
from the rest of the sample. Such observations may be due to errors other than the
usual random fluctuations characterizing the population to which the data belong, or
may merely occur too infrequently to be considered in a particular analysis. If, upon
examination, an observation falls outside a standardized region, it is usually identified
as an outlier. Outliers often provide useful information. Their identification is im-
portant not only for improving the analysis but also for indicating anomalies which may
require further investigation.

A statistical technique, and the related computer program, for identifying the
outliers in univariate data was presented in reference 2. A method for identifying
outliers in multivariate data is derived and demonstrated in this report. This method
was chosen because of its simplicity and applicability in editing biodata. A program
for automatic editing was written in FORTRAN IV. Inputs to this program are the
number of variables, the data set, and the selected level of significance. An example
is presented to illustrate the use of the method, and a scatter plot of the data is shown.
The program source listing, user instructions, and a sample output are also presented.

The program computes and prints the means and standard deviations of all the
variables before and after the outliers are identified and deleted. A list of the data
with outliers identified by asterisks is also printed.



The authors would like to acknowledge the assistance of M. C. Nesel in writing
the computer program.

For,p,n~lo-1

H/R

SYMBOLS

nonsingular matrix

a-level value of F-distribution with p and (n - p - 1) degrees
of freedom

normal component of acceleration as experienced by the subject,
g

heart rate, beats per minute

identity matrix

summation starting from i through k, where i and k are
integers between 1 and n, and i is less than k

p-variate normal distribution with mean, u, and covariance
matrix, I’

sample size
number of variables

(p X p) matrix of sums and cross-products of deviations of
observations from X divided by (n - 1)

standard deviation

Hotelling's T2 statistic

column vectors of p dimensions

ith or jth observation vector of p dimensions, where i or j
ranges from 1 to n

mean vector computed from n observation vectors
ith vector obtained by orthogonal transformation of vector X;
level of significance

positive real number corresponding to observation vector X;,
where i ranges from 1 ton

positive real number computed from F
set, to compare with A;

%p, n-p-1 for the data



72 random variable related to T2
Superscript:
T transpose

BRIEF DESCRIPTION OF TECHNIQUE

Outliers are identified by computing, at the given level of significance, the critical
value, A, for the data set and Ai for each observation vector, X If A; is larger

than A,, observation X; is identified as an outlier. The quantity A, is a function of

total sample size, n, number of variables, p, and the F-value for the given level of
significance, whereas each Ai is a function of the observation Xi and the estimated

mean and covariance matrix from all the observations. It is assumed that all the ob-
servations constitute a random sample from a p-variate normal distribution.

DERIVATION OF TECHNIQUE

Let X;» Xo5 +..

normal distribution, Np( ts ). The observations will be considered as n greater

s X, be a random sample of size n from a p-dimensional

than p + 2 column vectors in a p-dimensional vector space. Consider any (n X n)
orthogonal matrix, with first two rows as shown,
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representing the rotation of n-dimensional space so that the observations X1s Xos

voey X, are transformed into vectors Z1s Zg9, ««., Zy,, where
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It may be noted that Zj is distributed as Np(\/ﬁu, r), Zs, 23, ..., Z, are all
distributed as Np(O, '), and all are stochastically independent of one another (ref. 3,

pp. 50-52). Let S denote the estimate of the covariance matrix I. Then the following
relation holds:
n _ _ n T
m-1)8S=2 & -X -0 =% 2,7
1 2

Define a (p X p) matrix, S, such that

2 T
- 2)S, = X Z;Z;
3
Independence of Z, and set (Zg, ..., Zp) impliesthat Zg is independent of S, and

the

12 - 7,75, 'z, (1)

statistic is distributed as Hotelling's T2. From the relationship between T2 and F
(ref. 3, pp. 106-107), it follows that

is distributed as

pm -2) .
m-p-1) p,n-p-1

Because Z, is not independent of S, the preceding distribution does not hold for

T

2= 2,187z, @)

2

and the distribution of 7% must be derived.

By the preceding definitions

n
T T T
(m-1)S=12Z3Zy + %) Z;Z; = Z9Zy  + (n - 2)S,



or

(-2)Sy=(0-1)8 - ZgZy " 3)

To express the relation between T2 and 72 the following lemma is used:

Lemma: Let A be a (p X p) nonsingular matrix and u, v be p-dimensional vectors.
Then

- -1

1 1y T
(A—uVT) :A1+1A wv_ A7)
1-vialy

)

Proof; The proof of the lemma is presented in appendix A.
Applying the result (eq. (4)) of the lemma to equation (3),

-1 Te-1
5 1 n-2 S‘l S Z9Zy°S
0 "n-1 +

n-1) - 2zy787 1z,

-1
Substituting this expression for S in equation (1) and applying equation (2),

-1, 5 Te-1 2
2.7 T -1, _n-2, T|q-1 S "Z32y°8 i
T4 S “2Tpo172 + To-1 2
(-1 - Zy 517,
n-2[, T.-1 1 Te-1 Te-1
o1 (%2 ST 2+ T (Ze 8T ZoZg S Zy)
i (n-1) - Zy 87,
> (5)
_n-2 —T+ 1'4 ]
n-l (-1 -2
_ _(-2)7
@-1) - 72 )
2

This relation provides the distribution of 7°, and appropriate probability statements
can be made.



Define

Aj= X - XTSI - ) for i=1, 2,...,n
With no loss in generality, A; isused. From equation (2)

1 n

2 _ ., Ta- -
T = 22 S 22 - n - lAl
and from equation (5)
n
m-2—A
T2 _ n-1"1
-1 -—2—A
@ n-1"1
nn - Z)A1
(n-1)% -nA,
is distributed as
_p-2)

F
(n-p-1) p,n-p-1
From the distribution of T2 , the statement

n(m - 2)4,
(- 1)2 -ndy

- _b@m - 2) _
m-p-1) “oponp-1[~ ¢

Probability l:

provides criteria for identifying the Zo (or X;) as an outlier at the assigned level of

significance, « This statement is equivalent to

P02 - D*Fop nop-1 ]
=

o;p,n-p-1

For significance level ¢, denote

2
P - 1) Foip,n-p-1

*“h@m-p - 1) +npF

a;p,n-p-1

then X1 will be identified as an outlier at « level if

Al > Ay



The quantity X, (or Z,) was chosen for convenience of the preceding derivation and
the derivation holds for all X Thus X, will be identified as an outlier at « level of

significance if Ai > A,
PROGRAM APPLICATION
Given a sample of data vectors Xys Xgs..., X, the mean vector
n
= _1
X=5)%
1

and the estimate of the covariance matrix

1

n
s=—1-> % - Ry - BT
1

is computed. Then, for assigned o, the critical value

2
AL POV Fap npa
* n(m-p-1)+npF

o;p,n-p~1
for the data set is computed. Corresponding to each observation vector, Xy»
_ T Ta-1 S
A= -X)'S (X -X)
is computed. If A; > Ay, observation vector Xi is identified as an outlier at level «.

The program (appendix B) follows this technique. The output (appendix C) of the
program contains the data set, A;, Ax, outliers marked by asterisks (*), the number

of outliers identified, and the level of significance. The output also shows the means
and standard deviations of the variables before and after the deletion of outliers. The
required input parameters are: (1) format of the data to be read, (2) number of vari-
ables, (3) significance level, ¢, and (4) the data set, formatted as specified. Program
options allow the user to select either a 5 percent or a 1 percent level of significance
and to print the names of the variables, if desired. This program is designed so that

it can be used as a subroutine in other than biodata applications, in engineering and the
physical sciences, for example.

The program is particularly useful when large quantities of data are collected and
the editing must be performed by automatic means.



EXAMPLE

Heart rate, H/R, and normal component of acceleration, G, data from a 66-
minute flight by a student pilot at the Aerospace Research Pilot School, Edwards Air
Force Base, Calif., are used to demonstrate the described technique of computer
editing of biodata. These data were chosen because centrifuge studies (ref. 4) have
shown that H/R and G are linearly related. The program was used to identify the
outliers at a 1 percent level of significance considering H/R and G separately as
univariate data and together as bivariate data. The computer output for these cases
is shown in appendix C.

The results of the two univariate analyses and the one bivariate analysis of the
same data are presented in figure 1. The point labeled H is identified as an outlier
on the basis of H/R analysis alone; the point labeled G is identified as an outlier on
the basis of G alone; and points labeled B are identified as outliers on the basis of
bivariate analysis of H/R and G.
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® Outliers
o o) H Heart rate analysis alone
O 0 G Acceleration analysis alone
OOO B Heart rate and acceleration bivariate analysis
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Figure 1. Minute heart rate and acceleration data for a 66-minute flight of a student pilot from the Aerospace
Research Pilot School showing outliers identified by the automatic multivariate outlier technique.

Bivariate analysis is based on the fact that high H/R is associated with high G,
whereas univariate analysis cannot take this information into account. For this reason
the point labeled H was not identified by the bivariate analysis, but was identified as
an outlier on the basis of univariate H/R analysis. Also, both points labeled B ap-
pear not to follow a statistical linear relationship and are identified by the bivariate

8



analysis; however, only one of these points was identified by one of the univariate
analyses (G alone). This example thus focuses on the fact that the multivariate tech-
nique, which utilizes the statistical linear relationships between the variables, is
preferable in identifying outliers in multivariate data.

CONCLUDING REMARKS

A statistical technique to identify outliers, or observations which deviate markedly
from the rest of the sample, in multivariate data at a given level of significance was
derived. The use of the technique was illustrated by a biodata example. The example
also demonstrated that the results obtained when each variable was considered sepa-
rately could be different from the results obtained when the variables were considered
jointly. The latter technique takes into account the statistical linear relationship be-
tween the variables and is the preferred method.

Although this method of detecting and identifying outliers is being used for biodata
editing at the NASA Flight Research Center, it is also applicable to multivariate data
encountered in other disciplines, such as engineering and the physical sciences. This
technique is particularly useful when large quantities of data are collected and the
editing must be performed by automatic means.

The program can be used as a subroutine in multivariate analyses.

Flight Research Center,
National Aeronautics and Space Administration,

Edwards, Calif., May §, 1971.



APPENDIX A

PROOF OF THE LEMMA

Lemma: If A is a (p X p) nonsingular matrix, and u, v are p-dimensional vectors,
then

1, @lyeTah

T,~1
A-whHl=2a
1 - VTA'lu

Proof: The result is obtained by showing that

A -uvT) [A_l + (A_lu)(VTA_l)] =1

1- VTA'lu

Simplification of the left-hand expression gives

-1 AA"lu(VTA_l) T, -1 w A tuyTa™L
AA™H + T -uv AT - T 1
1-via~ly 1-v A u
or
I+ L [uvTA—1 ~uvtaTly (VTA_lu)(uVTA‘l) - uvTA'luvTA_l]
1- VTA_]‘U.
Because VTA_lu is a scalar, the expression becomes
1+———T1 - [(VTA_lu)(uVTA_l) - (vTA'lu)(uvTA‘l)]
1-v A u

or

which is the same as the right-hand side.

10
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APPENDIX B

PROGRAM SOURCE LISTING

MTVOUT

PURPOSE
IDENTIFY JUTLIERS IN MULTI VARIATE DATA

METHOD
LET VECTORS X(1) THRU X{N) BE CBSERVATIGNS FRCM A NP-VARIATE
NORMAL DISTRIBUTION
THEN
XBAR AND COVARIANCE MATRIX S ARE OBTAINED BY EQUATIONS

XBAR = (1/N) * SUM X(J)
S * (N-1) = SUMIX{J)-XBAR) * (X(J)-XBAR)TRANSPOSE
WHER E
N = SAMPLE SIZE (N. LE.500)
NP = NUMBER OF VARIABLES (NP.LE.10)
ALPH = SIGNIFICANCE LEVEL
FALPH = F—VALUE FGR ALPHA AT NP AND N-NP-}]
DEGREE S OF FREEDCHM
X(JsI) = THE '1*TH ELEMENT CF THE 'J'TH VECTOR,
WHERE T1=13240e¢ sAF AND J=142 4004 N
CALCULATE

DELSTAR = {(N—1)#%2%NP*FALPH) / {N*{({N-NP-1)+NP%*FALPH))

CALCULATE FCR EACH OBSERVATICN VECTCR X{J)

RR = (X{ J)-XBAR) TRANSPCSE * (S)INVERSE * (X(J)—-XBAR)

IF RR > DELSTAR, THEN X(J) IS IDENTIFIED AS AN QUTLIER
REFERENCE

L. AN INTRODUCTION TO MLLTIVARI ATE STATISTICAL ANALYSIS,
ANDERSON, 1965

2., A SIMPLE TECHNIQUE FOR AUTOMATIC CCMPUTER EDITING
OF BIODATA, NASA TN D-5275

3. SYS/360 SCIENTIFIC SULBROUTINE PACKAGE (360A-CM-03X)
PROGRAMMERS MANUAL, 1BM INC., 1968

SUBROUTINES

F TABLE

MPRD (IBM SSP)
LOC " L]
D SINV "o
DMF SD "o

11
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APPENDIX B

INPUT
CARD 1 FIRMAT OF X-ARRAY CARDS TC BE READ IN (20A4)
CARD 2
coL 1- 2 NP (NUMBER OF VARIABLES) NP.LE.1O (12)
ciL 3 BLANK

coL &= 6 ALPH (SIGNIFICANCE LEVEL) .05 OR .01 (F3.,2)

coL 7= 9 BLANK
coL 10 VARTABLE NAME CARD INDICATOR
1 - NAME CARD FOLLCWS
BLANK - NO NAME CARD
CARD 3 (JPTIONAL)
TEN FIELDS OF EIGHT CHARACTERS EACH (10A3), WHICH MAY
BE USED TO ASSIGN MEANINGFUL NAMES TC THE NP VARIABLES.
IF COL 10 OF THE PREVIOLS CARD IS PUNHED, NAMES MUST
BE ASSIGNED FOR ALL NP VARIABLES. DEFAULT NAMES ARE
'XL'y 'X2' «es 9 '"X(NP} Y,
CARDS 4- DATA FORMATTED AS PRESCRIBED IN CARD 1

MULTIPLE RUNS ARE PERMITTED, AS LCNG AS EACH DATA DECK IS
PRECEDED BY APPROPRIATE CONTROL CARDS {CARDS 1, 2 AND

3 ABOVE)y AND IS FOLLOWED BY A CARD WITH t%x%¥ PUNCHED
IN COLUMNS 1 THRU 4.

QUTPUT

LIST OF VECTORS WITH CUTLIERS IDENTIFIED BY ASTERISKS
MEAN (JRIGINAL DATA)

STANDARD DEVIATION (CORIGINAL DATA}

MEAN (JUTLIERS DELE TED)

STANDARD DEVIATION (OLTLIERS DELETED)

U wN -

REAL*8 SUMX(10)y XBAR(10), SD{12), XBARL(10), SDL(10)}
REAL*8 A(55), Bf{10), S(10,10)

REAL*8 RR, ODELSTRy, R{1C), FMTL10), BLANK/? /sy VAR(10)
REAL*8 DEF(10)/? X1 'y X2 ! X3 1, X4 1,
l'l Xb l'l X7 U’l XB l'l X9 I'I xlo l/

REAL X{501,1C)y Y(501,10)
INTEGER STAR/'*%%%kt/, BLANK/* '‘/y FLAG, FLGTOT, DSWI

INTEGER PREFMT(2)/ ' A4,','TLl, '/, CPT(2)/' YES',* NC'/
INTEGER*2 IFLAG( 500Q)
LOGICAL*1 FORMAT(8G), RPAREN/"} '/

X5

EQUIVALENCE (PREFMT,FORMAT(1)) ,(FMT,FCRMAT(9)) ,(RPAREN,F ORMAT (39))

G0 2 1I=1,10

VAR(I) = DEF(T}
FMT(I) =
DG 5 1
IFLAG(T)
FLGTOT =
LINES = 1
NSWI =

CSWI =

OH = 0.
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15
16

19

20

86

25
30

40

60

7C

APPENDIX B

0 =1
I1IZ = 0
MM = 1
N =1

READ(1,1000,END=99G) FMT
READ{1,1010) NP, ALPH, ISWI
TEST IF NAMES HAVE BEEN ASSIGNED TO THE VARIABLES
IF(ISWI.GT.0) GO 7O 10
MM = 2
GO TO 15
READ(1l, 1050) { VAR(I), I=1,NP)
READ IN THE DATA AS X-ARRAY

READ(1, FORMAT,END=995) IXXy (X{N,I1), [=1,NP)
IF(IXX.EQ.STAR) GO TO 19

N=N+1

IFIN.GT.501) GO TO 99C

GC TO 15

N=N-1

SELEC T APPROPRIATE F-VALLE
CALL FTABLE (NyNP,ALPH,FALPH)

WRITE THE INPUT CONTRGL INFCUCRMATICN
WRITE{3,5002) NP, ALPH, FALPH, CPT(MM)
DELSTR = {(IN-1)%%2 % NP * FALPH) / (N % ({N-NP=1) + NP % FALPH))
00 86 I=1,10
SUMX(I1)=0.D0C
L0 86 J=1,10
S(tI1,J)=6.D0
O 30 J=1,N

TEST FOR FLAGGED VECTORS IDENTIFIED AS DUTLIERS
IF{IFLAGLJ).GT .0) GO TO 30
DO 25 I=1,4NP
SUMXI(I) = SUMX{I) + X(J,I)

CONT INUE

F IND MEAN OF EACH VARIABLE
CC 40 I=1,NP
XBAR(I) = SUMX(I) / (N-FLGTOT)

DO 40 J=14N

Y(J, I) = X{Jdy 1) - XBAR(I)
IFCIFLAG(J).GT.0) Y(J,I) = C.DOC
JJb = 0

O 70 I=1,NP

DO 70 K=1y1

D8 60 Jy=1,N

SUT4K) = Y(J,s1) % Y{J,K} + S{],K)

FIND STANDARD DEVIATION CF EACH VARIABLE
SO(I) = DSQRTUS{I,I) / {(N-1-FLGTGCT})
JJb = Jd + 1
A(JJ) = SUI,K}
IF COMPUTATIONS ARE COMPLETE, BRANCH TO
PRINT TABLE CF MEANS AND S.D. 'S
IF(DSWNI.GT.0) GO TO 20C
CALL DSINV{A,NP,0OH,IER)

13



14

OO

30

90

95

100

11¢

200

210

999
991
995

999

APPENDIX B

IF(IER) 991, 80,951
WRITE THE LIST HEATING

WRITE(3,1015) (VAR(I), I=1,NP)}

CO 100 J=14N

CO 90 K=14NP

BIK) = Y{(J,K)

CALL MPRD (ByAsRsI0WNP,IZ,IC4NP)

CALL MPRD (R4ByRR, IONP,IZ,12,10)

RR = RR*{N-1)

FLAG = BLANK
FLAG THIS VECTOR WITH AN ASTERISK IF
IT IS IDENTIFIED AS AN CULTLIER

IF(RR.GT.DELSTR) FLAG = STAR

IF(FLAG.NE.STAR) GO TO 95

IFLAG(J )Y = 1

FLGTOY = FLGTOT + 1
WRITE THE DATA VECTOR AND IF IDENTIFIED AS
AN QUTLIER, LABEL WITH AN ASTERISK

WRITE(3, 1020) Jy RRy FLAG, (X{JsK) gy K=14NP)

LINES = LINES + 1

IF(LINES.LE.55) GO TO 100

WRITE(3,1015) (VAR(I), I=1,NP}

LINES = 1

CONT INUE

WRITE(3, 1025) ALPH

WRITE(3,1030) N

WRITE( 3, 1035) FLGTOT

WRITE( 3, 1040) DELSTR
SAVE MEANS AND S.D. 'Sy, THEN LCCP BACK AND
CCMPUTE NEW MEANS AND S.D. 'S AFTER DELETING OUTLIERS

DO 110 I=14NP

XBAR1{ 1) = XBAR{1I)

SD1{I) = SD(1I)
DSWI = 1
GG TO 20

WRITE TABLE OF MEANS AND S.D. 'S BEFCRE AND
AFTER DELETION CF OUTLIERS

WRITE(3,2000)

WRITE(3, 2005)

WRITE(3,2010)

DO 210 I=14NP

WRITE(3,2015) VAR(1), XBAR1{I), SDI1(1), XBAR{I), SDI(I)

IFI(NSWI.EQ.1) GO TO 999

GO 70 1

WRITE (3,5000)
GO TO 9999
WRITE (3,5001)
GO TQ 9999
NSWI = 1

cO 710 19
WRITE (3,50C9)



APPENDIX B

1000 FORMAT {20A4)

1010 FORMAT (12,1X,F3.2,3X,11)

1015 FORMAT (1HL,'LIST OF VECTORS WITH CUTLIERS IDENTIFIED BY ASTERISKS
11/ 1HO, ' J'y TX,'DELTAY,7X,1C(2X,A8)/)

1020 FORMAT (1H ,I3,F12.442X+Al,y4X,10F10,2)

1025 FORMAT (///1HD,12X,'* QUTLIER IDENTIFIED AT ',F4.2," SIGNIFICANCE
1L EVEL")

1030 FORMAT (1H ,12X, *SAMPLE SIZE IS 'I3)

1035 FORMAT (1H ,12X,'NO OF QUTLIERS IS 1',I3}

1040 FORMAT (1H ,12X,'DELSTAR = 'F10.4)

1050 FORMAT (10A8)

2000 FORMAT (1H1,20X,'MEAN AND STANDARD DEVIATICN CF THE VARIABLES')

2005 FORMAT (1HO, 14X, 'OATA BEFORE IDENTIFICATION'39X,'DATA AFTER DELETI
ION'/ 1H 422X, '3F QUTLIERS',21X,'0OF CUTLIERS!)

2010 FORMAT{ 1HO, 'VARIABLES'y8Xy 'MEAN*,13X 4*'S.eD. YyLl1X ¢ "MEAN' 414X ,'S.0.")

2015 FORMAT (1HOyAB8+F15.4,F 17.44+F15.4,F18.4)

5000 FORMAT (1H1,'SAMPLE SIZE EXCEEDS 500 - PRGGRAM TERMINATED')

5001 FORMAT (1H1,'ERROR IN THE MATRIX INVERSICN PROCESS - PROGRAM TERMI
INATED')

5002 FORMAT (1HL,'*=INPUT CONTROL INFORMATICN?'/ /IHG , '#*NUMBER OF V ARIAB
ILES IS'yI14/1H 4'#%SIGNIFICANCE LEVEL IS',F5.2/1H ,'*%F-VALUE IS',
2F16.4//71H ,**% VARIABLE NAME CARD: ',A4)

5209 FORMAT (1H1l,'END OF JOB")

9393 STOP

END
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SUBROUTINE FTABLE (Ny,M,SL,F)

FTABLE
SUBRGUT INE FTABLE SELECTS THE PRCPER VALUE CF F AT M AND N-M-1
DEGREES OF FREEDOM FOR SIGNIFICANCE (EVELS CF 5% OR 1%.
CALL ING PARAME TERS

N = SAMPLE SIZE INTEGER

M = NUMBER OF VARIABLES M.LE.1C INTEGER

SL = SIGNIFICANCE LEVEL .05 CR .01 REAL

F = SELECTED F-VALUE REAL

DIMENSION TABLE(2,10,37)

INTEGER XDF{7)/3Cy40,6C412GC,20C,4CC,1006/, DF

PEAL SLT(2)/.0%,.01/

REAL TABLl(20C)/161.4,4052.,199.5,4999.5,215.7,5&03.y224.6,5625.7
1230.2y5764.,234.0,5859..236.8,5928.y238.9,5982.,243.5:6322.;241.90
26056..18.51,98.50,19.00,99.CC,19.16'99.17,19.25199.25,19.30,99.30,
319.33,99.33119.35,99.36,19.37,99.37,19.38,99.39y19.40,99.40,10.13.
434.12y 9.55930.82y 9.28929.46, 9.12,28.71y 9.01,28.24,
5 8.89927.67y 8.85,27.49y 8.81,27.35, 8.,79,27.23, Te71421.20,
618.00y 6.59516.65) 6439,15.58y €.26415.52,y 6.164,15.21,
7 6.04y14.80, 6.00,14.66y 5.56,14.55, 6.61 416,26, 5.79,13.27,
812.06y 5419511439, 5.05510.57, 4.95,10.67y 4.38,10.46,

4.77y 10416y 4.74,10.05y 5.69,13,75, 5.14,10.92, 4.76,

9415y 4.39, B8.75, 4.28y B8.47, 4,21, 85.265 4.15, 3.10,

4.06y T.87y 5.55,12.25, 4.74, 9.55, 4.35, 6.45, 4,12,

Te46y 3.87y 7.19y 3.79; 6.99, 3.73, 6.84y 3.63, 5.72,

5032y 11.26y 4446y, 8.65y 4,07, 7.59, 3.84, 7.01l, 3.69,

6.37y 3.50y 6.18, 3.44, 6.03, 3,39, 5.9i, 3.35, 5,31,

4.26y 8.02y, 3.86, 6.95, 3.63, 6.42, 3.48, 6,05, 3.37,

5.61y 3.23y 5.47, 3.18, 5.35, 3.1%4, 5.26, 4.95,10.04,

3.71y 6.555, 3.48, 5.99, 3.33, 5.64, 3.22, 5.39, 3.14,

5.06y 3,02y 4.94, 2.98, 4.85/

REAL TABL2( 200C)/ 4e¢8499.6543.98,742143.59,6.22,3.36,5.67,3,20,
15.32,3.0915.0773.01,4.89,2.95,4.74,2.90,4.63,2.85,4.54y4.7519.33y
23.89,6.93,3.49,5.95,3.26,5.41,3.11,5.06,3.00,4.3212.91y4.6472.85v
34.5012-80;4.39y2.75,4.30,4.6719.C7,3.8l,6.70,3.41,5.74,3.18.5.21,
43.03,4.86,2.92,4.62,2.83,4.44,2.7774.30,2.71,4.19,2.67,4.10,4.607
58.86,3.74y6.51,3.34,5.56,3.ll,5.04,2.96,4.69'2.85,4.46,2.76,4.28'
62.70,4.14.2.65,4.03,2.60,3.94,4.5418.6813.68'6.36,3.29,5.42,3.06,
74.89;2.90,4.56,2.79.4.32,2.71,4.14,2.64,4.00.2.59,5.89.2.54,3.80,
84.4978.53,3.63,6.23,3.24,5.29,3.01,4.77,2.85,4.44,2.74y4.20,2.66y
94.03.2.59.5.89,2.54,3.78,2.4973.6914.4518.40,3.59,6.11.3.20.5.18,
12.96,4.67,2.8114.34,2.70,4.1C,2.6193.93yZ.55.3.79y2.4913.68.2.45'
23.5994.4118.2913.55,6.01,3.16,5.09,2.93,4.58,2.77'4.25,2.66,4.017
32.58,3.84,2.51,3.71,2.46,3.60,2.41,3.51'4.38y8.18,3.52,5.93,3.l3'
45.01,2.90,4.50,2.7414.17,2.c3y3.94,2.54,3.7712.48y3.6312.42y3.521

3.78,
4,10,
7.35,
3.64,
6.63,

5480,
4410,
5420,

O DONON P WN O

8.94,27.91,
6.94,
6.09,14.98,FTAB0250
Sealy
4.82410.29,FTABO270
4.53,
7.98,
3.97,FTABO300
6462y
3.58,
5.12410.56, FTAB0330
3.29,
T.56y
3.07,FTABC360D

FTABQOOOO

Resde o de g ok R X ek e e ok o e Re ko ke s ke ok okok ok ok o ok o o % % kel o ot e ok ek o3k ok stk 3 o o ok ok ok FTABNN10

*FTAB0020
* FT ABOO 30
* FT AB0O 4O
®FTABOOSN
*FT AB0060
*FTABOOTO
*FT ABOO8O
* FTABQOSO
*FTABO1GC
*FT 4B0Q110
*FTAB0120
*FTABO130
*FTABO140

F A0 A R R R ROk N kR ok fokokk ok ok ok ok ook ok ok ok f ok ok gk Rk ok Rk ek ke kkkxk Rk FTABO150

FTABOL60
FTABO170
FTAB0180C
FTAB0190
FTABO200
FTABQ210
FTABO220
FTAB0230
FTABO240

FTABO260

FTABO280
FTABO290

FTABO310
FT ABO0320

FTABO340
FTAB0350

FTABO370
FTAB0380
FT ABC290
FTABO40OD
FTABO410
FTABQ420
FTA30430
FT ABQO440
FTABO450
FTABC460
FTABQ4TO
FTABQ48O
FTA80490
FT A30500
FT 430510
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52438934431 443598¢1093¢4995:859341044.9442.8744.43,2.7144.10,2.60,
63.8792.5173.7092.4593.5642.3G42.4642.3543.37/

REAL TABL3(200)/ 4432,8.C293¢4745.7843.0794.87,2.8444.37,2.68,
14049265791 348112:045930641920421924519243743.4049243243.3144.30,7.95,
23.4495.729)3.0594482924B2y4:¢314246643.5942.5543.7632.46+3.59,2.40,
3304552.3493.3542.30+93.26,%.289708843.42,5.6643.03,4.76,2.80,4.26,
42.6493.94924533307192044193.054492e¢3T934411203243.30:2.274342114.26,
57e8213.4095:6133.01,74.7232478,442232¢62493:9042.51323.67324%4213.50,
62.3613.3692.3073426452:2593.17494.2447.7743.3945.57+12.99,4.68,2.76,
T4.1892.60934857244993.6372.4093.46492.34,3.3242.2813.2212.244+3.13,
84,23, 7T4729303795.52,2.9894,64,32.7434.1432.59,3.82,2.47,3.59,2.39,
93:42924329342912.27+301892:22+3:00994.214+7.6843.35:5.4942.96,4.60,
1273944119y 2.5733.78432.4643.5642.3743:3942,311342612+25493.1542.20,
23.06+94.209 706413.3495.4592.9594.05732.7144.0742.56,3.75,2.45,3.53,
32.3643.364242993.23,2.2443.12+2.19+3.73,4.18,7.60+3.33,5.42,2.93,
44.5492.7094.0492.5593.73,2.4343.5042.35,3.33,2.2843.20,2.22,3.09,
52.1893.00y4.17+97e5693.321543%542.9294.5142.6944.0242.5343.70,2.42,
63.47,2.323,3.30,2.27,3.17,2.21,3.074,2.16,2.98/

REAL TABL4( 140)/ 4.0857.3193.23,5.18,42.84,4.31,2.61,3.83,2,45,
13.5192¢349342942:2513412392:1892¢9992.12492.8942.0842.8044.20,7.08,
23.1574.98,2.76,4.12,2.53,3.65,2.3743.3442.2543.1242.174+2.95,2.10,
32¢82y2+0492472914999246313.924648533.C744.79,2.6843.95,2.45,3.48,
4202993179201 792.969200992.7992e6C212.66431,.9642.56,1.91,2.4743.89,
567643404y 4071 92.65,3.88492.41,3.4142.2643.1142.14,2.90,2.05,2.73,
61.9892.609145212.5091.8792.41+43.8636.7043.0244.6642.6243.583,2.39,
73:3692.2373.0692.129248542¢C342.6G41 09632.554]1 49042.4641.85,2.37,
83.8546.6613.00,4.62,2.61,3.8C,2.38,43,34,2,22,3.04,2.10,2.82,2.02,
92.669 16951 2.535148G592.4341.084192.3443.8446.63,3.00,4.61,2.60,3.78,
12.3743.32,2.2143.02,2.10,42.8C42.01 ,42.6%4,41.94,2.51,1.83,2.41,1.83,
22.32/

EQUIVAL ENCE (TABLE(1,1,1),TABLI(2)), (TABLE{1,1,11),TABL2{1))

EQUIVALENCE {(TABLE(1,1,21),7ABL3(1)) , (TABLE(l,41,31),TABL4(1)})

IFM.GT .10} G3 70 590

DF = N-M-1

IF(SL.EQ.SLT(1)) GO TO 10

IF{SL.EQ.SLT(2)) GO TO 15

CO 70 591

10L =1
€O T0 16

I15L =2

16 IF{DF.LE.3C) GC TO 40
DO 20 I=247
IF(DF—XDF(I1)) £0,3Cy20

20 CONT INUE
F = TABLE(L yMy36) + ((1s/N)/.0CL) % {TABLE{LyMy36)-TABLE(LyMy37))
RETURN

30 DF = 1+29

40 F = TABLE(L +MyDF)
RETURN

FTABO520
FTA30530
FTABOS40
FTABOS50
FTA80560
FTABOSTO
FTAB0580
FT ABOS590
FTAB0600
FT ABO610
FTABDE20
FTABNG630
FTABO640
FTABO65C
FTABO660
FTABO670
FT ABO680O
FTABO690
FTABOT700
FTABOTILOC
FTABO720
FT ABO730
FT AB0O740
FTAB0TS50
FTARO760
FTABOT770
FTABQ780
FY ABO790
FT ABOSOO
FTABCB10
FT AB0OB20
FTABO830
FTABO84C
FTABO850
FTABCRSED
FTABCS8T70
FT ABO8B30
FTABO830
FTA30900
FTABCI10
FTABOS 20
FTABO9I30
FTABO940
FT ABO9 SO
FT ABQ960
FTABCI70
FTABOI80
FTABO990
FTAB1000

50 F = TABLE(L M, I+29) + {((1./0F - 1./XDBF(I)) /7 (1./XDF(I-1} - 1./XDFFTABIN10O

1(1))) %= (TABLE{(L,M,1+28) — TABLE(L,M,1+29))
RETURN

590 WRITE(3,590)
F= 2.32
RETURN

591 WRITE(3,991) SL
SL = 0.01
CC 10O 15

FTAB1020
FTAB 1030

FTAB10D40
FTAB1D50
FTAB1060
FTAB1070
FTAB1080
fTAB10SC

990 FORMATY (1H1,'#**NUMBER OF VARIABLES > 10. F HAS BEEN SET TC A DUMMFTABI1100

1Y VALUE OF 2.32'")

FTAB1110

991 FORMAT (1H1,'**SIGNIFICANCE LEVEL '4Fb6.3,' IS NOT ACCEPTABLE. LEVFTABIL120

1EL IS SET 7O .ClL .!')
END

FTAB1130
FYAB1140

-1
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APPENDIX B

MPRD

.ll...'.'l....'..Cllc."lllllloc....o.....o-..O'-.-.o.....o.'c....MpRD

SUBROUTINE MPRD

PURPO SE

MULTIPLY TWO MATRICES TO FORM A RESULTANT MATRIX

USAGE

CALL MPRDZA+B,RyNsM,MSA,MSB,L<

DESCR1IP
A -

SA

XZAOw

MSB
L_

REMARKS

MATRIX X CANNOT BE IN THE SAME LCCATICN AS MATRICES A OR B

TION OF PARAMETERS

NAME OF FIRST INPLT MATRIX
NAME OF SECOND INPLT MATRIX

NAME OF OQUTPUT MATRI X

NUMBER OF ROWS IN A AND R

NUMBER OF COLUMNS IN A AND RCWS IN B

— ONE DIGIT NUMBER FOR STORAGE MQODE OF MATRIX A

O_
1 -
2 -

GENERAL
S YMME TRIC
D IAGONAL

- SAME AS MSA EXCEPT FOR MATRIX B
NUMBER OF COLUMNS IN B8 AND R

MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD

NUMBER JF COLUMNS OF MATRIX A MUST BE EQUAL TO NUMBER OF ROWMPRD

OF MATRIX B

SUBROUT INES AND FUNCTION SUBPROGRAMS REGUIRED

LGC

METHOD

THE M BY L MATRIX B IS PREMULTIPLIED BY THE N BY M MATRIX A

AND THE RESULT IS STORED IN THE N BY L MATRIX R. THIS

ROW

THE FOLLOWING

INT]) COLUMN PRODUCT,
TABLE SHOWS THE STCRAGE MODE OF THE QUTPUT
MATRIX FOR ALL COMBINATICNS GF INPUT MATRICES

A
GENERAL
GENERAL
GENERAL
SYMME TRIC
S YMME TRIC
S YMME TRIC
DTAGONAL
DIAGONAL
DIAGONAL

B
GE NERAL
SYMMETRIC
DI AGCNAL
GE NERAL
SYNMNETRIC
DI AGCNAL
GE NERAL
SYNMNETRIC
DI AGTNAL

R
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
DI AGONAL

MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD

0 00 000 000N B RN EsEABEs LN ERsBLLNer ss0eresns0essssssaccssesMPRD

SUBROUT INE MPRDIA,B,R¢NsM,MSA,MS3,L)

MPRD
MPRD

001
002
003
004
005
Q06
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
N30
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
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10
20

30

40

50
60

70
30
30

APPENDIX B

DOUBLE PRECISION A, B, R
DIMENSIGN A{1),+8(1),R(1)

SPECIAL CASE FOR DIAGONAL BY DIAGCNAL

MS=MSA%*10+MSB
IF{MS-22) 30,1C, 30
CO 20 I=1,N
RIOIY=A(I}*B(]I)
RETURN

ALL OTHER CASES

IR=1

CO 90 K
DO 90 J
R{IR)=0
CO 80 I=1sM

IF{MS) 40,€0,4C

CALL LOC{(J,I,IA,N,M,MSA)
CALL LOC(I4K,IBsMyL,MSB)
IF(IA) 50,8Cy5C

IF(IB) 70,80,7C
TA=N*(I-1)}+J
IB=M*{(K-1)+1
R{IR)=R(IR}+A( JTA}*B(IB)
CONT INUE

IR=IR+1

RETURN

END

1,L
1,N

[[IT]

MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD

053
054
055
056
057
058
059
060
061
062
063
064
065
066
ne7
068
069
070
071
072
073
074
075
076
0717
078
079
080
081

19
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O

10

20

24

30

32
36

LOC 001
D......l...."C'C..Q’..Q......I'.0.....'....I..'...‘....l'll.l.‘l.LOC GOZ
LOC 003

SUBRCUT INE LOC LOC 004
LOC 005

PURPOSE LOC 006
COMPUTE A VECTOR SUBSCRIPT FOR AN ELEMENT IN A MATRIX OF LOoC 007
SPECIFIED STORAGE MODE LOC 008

LOC 009

USAGE Loc 010
CALL LOC ZI,J5IR,N,M,MS< Loc o011

LoC 012

DESCRIPTION OF PARAME TERS Loc 013

I - R3W NUMBER OF ELEMENT LOC 014

J - COLUMN NUMBER CF ELEMENT Ltoc 015

IR - RESULTANT VECTOR SUBSCRI PT LOC 016

N - NUMBER OF ROWS IN MATRIX Loc o017

M - NUMBER OF COLUMNS IN MATRIX LOC 018

MS - ONE DIGIT NUMBER FOR STORAGE MCDE CF MATRIX LoC 019

0 - GENERAL LOC 020

1 - SYMME TRIC LOC 021

2 - DIAGONAL Loc 022

Loc 023

REMARK'S LOC 024
NONE LOC 025

LOC 026

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED Loc 027
NINE LoC 028

LOC 029

METHOD LOC 030
MS#0  SUBSCRIPT IS COMPUTED FCR A MATRIX WITH N%M ELEMENTS LOC 031

IN STORAGE ZGENERAL MATRIX< LOC 032

MS#1  SUBSCRIPT IS COMPLTED FOR A MATRIX WITH N*ZNE1</2 IN LOC 033
STORAGE BUPPER TRIANGLE CF SYNMETRIC MATRIX<. IF LOC 034

ELEMENT IS IN LOWER TRI ANGULAR PORTION, SUBSCRIPT IS LOC 035

CORRE SPONDING ELEMENT I N UPPER TRIANGLE. LOC 036

MS#2  SUBSCRIPT IS COMPUTED FOR A MATRIX WITH N ELEMENTS LOC 037

IN STORAGE %DIAGONAL ELEMENTS CF DIAGONAL MATRIX<. LOC 038

IF ELEMENT IS NCT ON DI AGONAL %AND THEREFORE NOT IN LOC 036

STORAGE<, IR IS SET TG ZERC. LOC 040

LOC 041
R I a T T
LOC 043

SUBROUTINE LOC(I4J,IR,\N,M,MS) LOC 044
LOC 045

IX=1 LOC 046
Jdx=J LOC 047
IF(MS-1) 10,20,3C LOC 048
IRX=N#{JX- 1) +I X LOC 049
G0 TO 36 LOC 050
IFCIX-JX) 22,24,24 LCC 051
IRX= IX+{JX*IX-JUX) /2 LOC 052
GO TC 3¢ LoC 053
IRX=JX+{ IX*IX- IX)/2 LOC 054
CO TO 36 LOC 055
IRX=0 LOC 056
IF(IX-JX) 36,32,36 LOC 057
IR X= IX LoC 058
IR=IRX LOC 059
RETURN LOC 060
END LOC 061
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S INV
seesecaseseces ssacrscesssasssaes st sassss seeraccnssvacensacaacsssd NV
SINV
SUBRCUT INE DSINV
SINV
P URPO SE SINV
INVERT A GIVEN SYMME TRIC POSITIVE DEFINITE MATRIX S INV
SINV
USAGE S INV
CALL DSINV(A 4N,EPS,IER)
SINV
DESCRIPTION OF PARAME TERS SINV
A - DOUBLE PRECISION UPPER TRIANGULAR PART OF GIVEN
SYMMETRIC POSITIVE DEFINITE N BY N COEFFICIENT
MATRI X.
ON RETURN A CONTAINS THE RESULTANT UPPER SINV
TRIANGULAR MATRIX IN DCUBLE PRECISION.
N - THE NUMBER OF RCWS (CCLUMNS) IN GIVEN MATRIX. SINV
EPS - SINGLE PRECISION INPUT CONSTANT WHICH IS USED
AS RELATIVE TCLERANCE FCR TEST ON LOSS OF
SIGNIFICANCE.
1ER - RESULTING ERROR PARAMETER CCDED AS FOLLCWS SINV
IER=0 - NO ERROR SINV
IER=—1 - NO RESLLT BECAUSE CF WRONG INPUT PARAME- SINV
TER N GR BECAUSE SCME RADICAND IS NON- SINV
POSITIVE (MATRIX A IS NCT POSITIVE SINV
DEFINITE, POSSIBLY DUE TC LOSS OF SIGNI- SINV
FICANCE) SINV
[ER=K - WARNING WHICH INDICATES LCSS CF SIGNIFI- SINV

CANCE. THE RADICAND FORMED AT FACTCORIZA- SINV

TION STEP K+1 WAS STILL PGSITIVE BUT NO SINV

LONGER GREATER THAN ABS(EPS*A(K+1l,K+1)}). SINV

SINV

REMARKS SINV
THE UPPER TR IANGULAR PART CF GIVEN MATRIX IS ASSUMED TO BE SINV
STORED COLUMNWISE IN N*(N+1)/2 SUCCESSIVE STORAGE LOCATIONS.SINV

IN THE SAME STORAGE LCCATIONS THE RESULTING UPPER TRIANGU- SINV
LAR MATRIX 1S STORED CCLUMNWISE TCC. SINV
THE PROCEDURE GIVES RESLLTS IF N IS GREATER THAN 0 AND ALL SINV
CALCULATED RADICANDS ARE PCSITIVE. SINV
SINV
SUBRODUT INES AND FUNCTION SUBPROGRAMS REGQUIRED SINV
DMFSD
SINV
METHOD S INV
SOLUTION IS DONE USING FACTORI ZATICN BY SUBROUTINE DMFSC.
SINV
LIE B B B BN B IR B B BE YRR B R BN B BN BN TR IR B B BN BN L L B R L N BN ..'l...'.‘..‘..l..ll.ll.‘.l“'S[Nv
SINV
SUBROUTINE DSINV(A4N,EPS,IER)
SINV
SINV

10

30

50
690
70
80
g0

110
120

200

420
430

450
460
470

430
500
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DIMENSION A(1)
COUBLE PRECISION A,,DIN,WORK

FACTORIZE GIVEN MATRIX BY MEANS OF SUBRCUTINE DMFSD
A = TRANSPISE(T) * T

CALL DMFSD(A,NEPS,IER)

IF(IER) 91,1

INVERT UPPER TR IANGULAR MATRIX T
PREPARE INVER SION-LOQP
IPIV=N%*{N+1)/2
IND=1IP IV

INITIAL IZE INVERSION-LOOP
CO 6 I=1,N
DIN=1.DO/ALIPIV)
A(IP IVI=DIN
MIN=N
KEND=1-1
LANF=N-XEND
IF(KEND) 545,2
J=IND

INITIAL IZE ROW-LOQOP
b0 4 K=1,KEND
WORK=0.D0
MIN=MIN-1
LHCR=1P IV
LVER=J

START INNER LOOP
0O 3 L=LANF,MIN
LVER=LVER+1
L HOR=L HOR +L
WORK=WORK+A{LVER )*A{LHOR)
END OF INNER LOQOP

A(J }=—WORK#*DIN
J=J-MIN
END OF ROW-LOOP

IPIV=1IP IV-MIN

IND=IND-1
END OF INVERSION-LOOP
CALCULATE INVERSE(A) BY MEANS OF INVERSE(T)
INVERSE(A) = INVERSE(T) * TRANSPOSE (INVERSE(T))
INITIAL IZE MULTIPLICATION-LOOP

DG 8 I=1,N

IPIV=1IP IV+1

J=IP IV

SINV
SINV
SINV

S INV
S INV
SINV
S INV
SINV
SINV
SINV
SINV
SINV

SINV
SINV
SINV
SINV
SINV
SINV
S INV
SINV
S INV
S INV
SINV
S INV
SINV
S INV
S INV
S INV
SINV
S INV

SINV
S INV
SINV
SINV
SINV
SINV
SINV
S INV
SINV
SINV
SINV
SINV
SINV
SINV

510
530
550

570
580
590
600
610
620
620
640
650

670
680
690
700
710
720
730
740
750
T60
770
780
790
800
810
820
830
840

860
870
880
890
900
910
920
930
940
950
2460
370
980
990

SINV 1000
SINVI1C10
SINV 1020
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APPENDIX B

INITIALIZE ROW-LOOP
DO 8 K=1,N
WORK=0.D0
LHOR=J

START INNER LOOP
DO 7 L=K 1N
LVER=L HOR 4K~ 1
WORK=WOGRK+A(LHOR )*A{L VER)
7 LHOR=L HOR+L
END OF INNER LOOP

A(J)=WORK
8 J=J+K
END OF ROW- AND MULTIPLICATICN-LOCP

9 RETURN
END

SINV 1030
SINV 1040
SINV 1050
SINV 1060
SINV1070
SINV 1080
SINV 1060
SINV1100

SINV 1120
SINV1130
SINV 1140
SINV1150
SINV 1160
SINV1170
SINV1180
SINV 1190
SINV 1200
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APPENDIX B

MFSD
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SUBROUT INE DMFSD

PURPO SE
FACTOR A GIVEN SYMME TRIC POSITIVE DEFINITE MATRIX

USAGE
CALL DMF SD{A,N,EPS,IER)

DESCRIPTION OF PARAMETERS

A - DOUBLE PRECISION UPPER TRIANGULAR PART OF GIVEN
SYMME TRIC POSITIVE DEFINITE N BY N COEFFICIENT
MATRI X.

CN RETURN A CONTAINS THE RESULTANT UPPER
TRIANGULAR MATRIX IN DCUBLE PRECISION.
N - THE NUMBER OF ROWS {CCLUMNS) IN GIVEN MATRIX.
EPS - SINGLE PRECISION INPUT CONSTANT WHICH IS USED
AS RELATIVE TCLERANCE FCR TEST GN LOSS OF
SIGNIFICANCE.
TER - RESLLTING ERROR PARAMETER C CDED AS FOLLOWS
IER=0 - NO ERRQR
IER=-1 - NO RESULLT BECALSE CF WRONG INPUT PARAME-
TER N OR BECAUSE SCME RADICAND IS NON-
POSITIVE (MATRIX A IS NCT POSITIVE
DEFINITE, POSSIBLY DUE TC LOSS OF SIGNI-
FICANCE)
TER =K - WARNING WHICH INDICATES LCOSS OF SIGNIFI-
CANCE. THE RADICAND FCRMED AT FACTORIZA-
TION STEP K+l WAS STILL POSITVIVE BUT NC
LONGER GREATER THAN ABS{EPS*A{K+1,K+1)).

R EMARKS
THE UPPER TRIANGULAR PART CF GIVEN MATRIX IS ASSUMED TQO BE

STORED COLUMNWISE IN N*(N+1)/2 SUCCESSIVE STORAGE LOCAT ICNS.

IN THE SAME STORAGE LGCATICNS THE RESULTING UPPER TRIANGU-
LAR MATRIX IS STORED CCLUMNWISE TCC.

THE PROCEDURE GIVES RESULTS IF N IS GREATER THAN O AND ALL
CALCULATED RADICANDS ARE POSITIVE.

THE PRODUCT OF RETURNED DIAGONAL TERNMS IS EQUAL TO THE
SQUARE-O00T OF THE DETERMINANT OF THE GIVEN MATRIX,

SUBROUTINES AND FUNCTION SUBPROGRAMS RE QUIRED
NONE

METHOD
SOLUTION 1S DONE USING THE SQUARE-ROLUT METHOD OF CHOLESKY.

MFSD

MFSD
MFSD
MFESD
MFSD
MFSD

MFSD
MFSD

MFSD

MFSD

MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MESD
MFSD
MFSD
MFSD
MFESD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD

THE GIVEN MATRIX IS REPRESENTED AS PRCDUCT OF TWO TRIANGUL ARMFSD

MATRICES, WHERE THE LEFT HAND FACTCR IS THE TRANSPOSE OF
THE RETURNED RIGHT HAND FACTCR.,

MFSD
MFESD

-o....ooo.o.;co-.ocooo--oo-oa-o---.a.--ooo.o'ooo-oo-ntvwvonnooo.llMFSD

10
20
30

50
60
70
80
90

110
120

150

170

200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
389
390
400
410
420
430
440
450
460
470
480
490
510
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APPENDIX B

SUBROUT INE DMF SD(A4N,EPS,IER}

DIMENSION A{1)

DOUBLE PRECISION DPIV,DSUM,A

TEST ON WRING INPUT PARAMETER N

IF(N-1) 1241,1
I1ER=0

INITIAL IZE DIAGONAL-LOOP

KPIV=0

DO 11 K=14N
KPIV=KP IV+K
IND=KP IV
LEND=K-1

CALCULATE TOLERANCE
TOL=ABS{EP S*SNGL{A{KPIV)))

START FACTIRIZATION-LOOP OVER K-TH RCW

DO 11 I=K,N
CSUM=0.D0
IF(LEND) 2,4,2

START INNER LOOP
CO 3 L=1,LEND
LANF=KPIV-L
L IND=IND-L
DSUM=DSUM+A(LANF }*A(LIND)
END OF INNER LOOP

TRANSFORM ELEMENT A(IND)

CSUM=A( IND)-DSUM
IF(I-K) 10,5,1C

TEST FOR NEGATIVE PIVOT ELEMENT AND FCR LOSS CF SIGNIFICANCE

IF(SNGL{DSUM)-TOL) 6,+6,9
IF(DSUM) 12412417

IF(IER) 84849

[ER=K-1

COMPUTE P IVOT ELEMENT
DP IV=DSQRT(DSUM)
A(KP IV)=DP 1V
OP 1V=1.D0/DP 1V
GO T0 11

CALCULATE TERMS IN ROW
A(IND)=DSUM*DP IV
IND= IND+1I

END OF DIAGONAL-LOOP
RETURN

IER=-1
RETURN
END

MFSD
MFSD

MFSD
MESD
MFSD

MFSD
MFSD
MFSD
MFSD
MFSD
MESD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD

MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD

MFSD
MFSD
MESD

MESD
MFSD
MFSD
MFSD
MFSD
MFESD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD
MFSD

500
520

540
550
560

580
590
600
610
620
630
640
650
660
670
680
690
700

720
730
740
750
760
770
780
790
800
810

830
840
850

870
880
890
300
910
920
930
940
950
960
970
980
990

MFSD1000
MFSD1010
MFSD1020
MFSD1030
MFSD 1040
MESD1050
MFSD1060
MFSD1070
MFSD1080
MFSD1090
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LIST GF VECTERS WITF DUTL IERS

APPENDIX C

OUTPUT FOR THE EXAMPLE

J DELTA H/R
1 0.6921 91.12
2 0.0249 9€.05
3 0.0129 96,32
4 0.4924 102.30
5 0.3994 92.57
6 0.0446 95,64
7 0.61592 91.44
8 0.3098 93,12
9 0.18036 94.08
19 0.%2329 91.90
11 0.0063 66.60
le 0.0173 $8.14
13 0.3266 101.35
14 0.1055 $6.55
15 0.0350 G5, T4
16 0.0264 98.32
17 0.142) 95.93
18 0.6839) 102.21
19 C.5556 102.83
20 0.1279 $9.7%
21 1.1196 14,90
22 0.0348 GB.5&
23 0.6894 103,24
24 0949047 104.12
25 0.2734 161.03
26 0.8715 90.37
27 0.70 36 i€3.30
28 1.8903 87.15
29 2.6336 10$.02
30 0.0016 96.89
51 ND.5893 91.5§
32 2.7238 85,14
33 1.5017 37.12
* JUTLIER
SAMPLE SIZE IS 66
NC OF CUTLIERS IS 1
DELST AR = 6.3530
DATA BEFORE IDENTIFICATIGN
OF QUTL IERS
VARIABLES ME AN S.D.
H/ R 97.18C6 7.265¢

J
34
35

IDENTIFIED BY ASTERISKS

DELTA
1.1316
0.8426
2.7647
0.024°
0.0203
0.0452
1.8821
0.0179
0.78¢4
0.1973
0.2601
0.2643
0.0440
0.0087
0.42¢6
2.1912
0.09€3
3.7721
0.9550
0.7315
0.324893
3.8¢132
7.8021 *
3.2524
0.02¢3
0.01456
4.2446
3.9288
2.2729
0.7131
0.1841
0.5413
0.,4621

IDENTIFIED AT Q.01 SIGNIFICANCE LEVEL

H/R

86 .42
GCe48
85,05
S€.03
S€.22
9E.63
106.36
GE.23
SC.71
G2.94
93.456
33.43
95465
GELST
1Cl.94
107,93
$6.45
111.35
104.31
103,63
101.49
111.52
117.5¢
110.3¢
c8.34
3€.30
82.1%
82,172
§3.93
91.02
94.05
90.08
10z.14

DATA AFTER DELETICN

OF CLTLIERS
ME AN

96. 8671



APPENDIX C

LIST OF VECTORS WITH+ OUTL IERS IDENTIFIED BY ASTERI SKS

SAMPLE SIZE IS

G

C.70
0.75
0.80
C.85
.90
C.95
1.00
1.05
1.10
1.15
1.20
1.25
1.30
1.35
1.40
1.45
1.50
1.55
1.60
1.70
1.80
1.85
1.90
1.95
2.10C
2.15
2420
C.50
0.55
0.65
6.70
0.75
0.80

J
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
56

DELTA
0.8358
0.6848
0.5488
0.4279
0.3220
0.2311
0.1523
0.0945
0.0487
0.0180
0.0022
0.0016
C.0159
0.0897
0.1491
0.2236
0.3131
0.4177
0.5372
0.9861
1.79%51
2.0349
4.1346
444947
14,1922 *
1.0018
0.83%8
0.6848
0.5488
0.4279
0.3220
0.0867
2.8446

OUTLIER IDENTIFIED AT .0l SIGNIFICANCE LEVEL

66

NC OF OUTLIERS IS

DELST AR =

J DELTA
1 1.3750
2 1.1829
3 1.0018
4 0.8358
5 0.6848
6 0.5488
7 0.4279
8 0.3220
9 0.2311
10 0.15%3
11 0.0945
12 0.0487
13 0.0180
14 0.0022
15 0.0016
16 0.015%59
17 0.0453
18 0.0897
19 C. 1491
20 0.3121
21 0.5372
22 0.6718
23 0.8215
24 0.9861
25 1.57G3
26 1.7951
27 2.0349
28 2.3137
29 2.05175
30 1.5901
31 1.3790
32 1.1829
33 1.0018
%

VARIABLES

G

1

6.3530

DAT A BEFORE IDENTIFICATION
OF OUTLIERS

ME AN

1.3773

S.D.

0.57617

0.85
0.9C
.95
1.00
1.05
1.10
1.15
1.20
1.25
1.30
1.35
1.40
1.45
1.55
1.60
1.65
L.70
1.75
1.80
1.95
2.15
2.20
2.55
2.60
3.55
0.80
0.85
0.9¢C
0.95
l1.0C
1.05
1.55
2.35

DATA AFTER DELETICON

OF CUTLIERS
MEAN

1.3438

b

~1



APPENDIX C

LIST OF VECTORS WITH OUTL IERS IDENTIFIED BY ASTERISKS

J DELTA H/R G J DELTA H/R G
1 l.4132 91.12 0.70 34 1.2653 89 .42 0.85
2 L.5222 96.05 0.75 35 0.9751 9C.48 0.90
3 l.322¢ 96,32 C.80 36 2.8389 85.05 G.95
4 3.11c5 102.30 0.85 37 0.5015 5¢€.03 1.00
5 0.7199 92 .57 0.90 38 0.6559 98.22 1.05
6 0.6203 95.64 0.95 39 0.2377 95.63 1.10
7 0.6784 91.44 1.00 40 3.4757 10¢é.36 1.15
8 0.4002 93.12 1.05 41 0.0979 S6.23 1.20
9 0.2625 94.08 1.1¢C 42 0.9158 90.71 1.25
10 0.5249 91.90 1.15 43 0.2202 93.94 1.30
11 0.1091 56.60 1.2C 44 0.3527 33.46 1.35
12 G. 1499 S98.14 1.25 45 0.4353 93.43 l.49
13 0.6519 101.35 1.30 45 0.13¢3 98 .65 1.45
14 0.1888 99455 1.35 47 J. 1967 S€.50 1.55
15 0.0746 95.74 1.4C 48 0.42¢7 101.94 1.6C
16 0.0263 58432 l1.45 43 2.4135 107.98 1.65
17 0.1421 99.93 1.50 50 0.3124 9G.45 1.7C
18 0.7313 103.21 1.55 51 4.1166 111.35 1.75
19 0.6055 102.83 1.60 52 0.99¢9 104.31 1.80
20 0.3148 9G.79 1.7¢C 53 1.1267 103.63 1.95
21 1.1413 1C4.90 1.8C 54 lLe46? 1C1 .49 2.15
22 Q0.7922 398.58 1.85 55 3.9882 111.52 2.20
23 0.9021 102.24 1.5G 56 3.06 20 117.5¢ 2.5%
24 L. 1990 104.12 1.95 57 4.9986 11C.3¢ 2.60
25 1.6294 161.03 2.10 58 20.3487 = G8.34 3.55
26 6.1920 G0.37 2.15 59 1.3188 G€.3C 0.80
27 2.63%82 1C3.30 2.2¢0C 60 4.3616 82.15 0.85
28 2+¢309 E7.15 0.50 61 4.0832 B2.72 0.90
29 11.11580 =* 1C5.02 0.55 62 3.41¢8 83.98 0.95
30 243014 96.389 0.65 63 0.7541 91.02 1.0¢C
31 1.2906 Gl.58 0.7¢C 64 0.3372 34.05 1.05
32 2,7500 85.14 0.75 65 2.0682 9C.08 1.55%
33 1.9632 87.12 0.80 66 2.9773 102.14 2.35
* OUTLTER IDENTIFIED AT 0.01 SIGNIFICANCE LEVEL
SAMPLE SIZE IS 66
NC CF QUTLIERS IS 2
DELST AR = 8§.7115
CAT A BEFORE IDENTIFICATION DATA AFTER DELETION
OF QUTLIERS OF CUTLIERS
VARTABLES ME AN SO, ME AN S.D.
H/ R 97.180C6 T.2656 96,5775 7.2544
G 1.3773 0.5767 1.3562 0.5069
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